ABSTRACT. The basic model of financial economics is the Samuelson model of geometric Brownian motion because of the celebrated Black-Scholes formula for pricing the call option. The asset's volatility is a linear function of the asset value and the model garantees positive asset prices. In this paper it is shown that the pricing partial differential equation can be solved for level-dependent volatility which is a quadratic polynomial. If zero is attainable, both absorption and negative asset values are possible. Explicit formulae are derived for the call option: a generalization of the Black-Scholes formula for an asset whose volatiliy is affine, the formula for the Bachelier model with constant volatility, and new formulae in the case of quadratic volatility. The implied Black-Scholes volatilities of the Bachelier and the affine model are frowns, the quadratic specifications imply smiles.
INTRODUCTION
In their seminal article Black and Scholes (1973) derive a formula for the value of a call option if the underlying asset follows geometric or economic Brownian motion, a model introduced by Nobel laureate Paul Samuelson. For an account of the development of the geometric Brownian motion asset price model and pre-Black-Scholes attempts to price options in this model see Samuelson (1964) .
Despite the overwhelming success of the Black-Scholes formula there were and are other models for asset prices. At the beginning of the century Louis Bachelier (1900) already tried to evaluate derivatives when changes in asset prices are normally distributed. This can be implemented as a model where volatility is a constant independent of the asset value. Cox and Ross (1976) develop the constant elasticity of variance (CEV) model were volatility is a power function. Ingersoll (1997) uses a quadratic volatility function with two real roots for an exchange rate futures.
In the following we first show that the conditions which are usually assumed to ensure the existence of strong solution to a stochastic differential equation (SDE) can be considerably Date: June, 1998 . This version: January 16, 2002 . A previous version appeared as . Financial support by Deutsche Forschungsgemeinschaft, Sonderforschungsbereich 303, at the University of Bonn and the Walter-Adolf Jöhr Stiftung is gratefully acknowledged. 1 relaxed: we only need local Lipschitz continuity of the coefficients and a condition on the drift, boundedness on the diagonal.
Then it is shown that the pricing partial differential equation (PDE) can be solved for level dependent volatility which is the product of a time dependent function and a quadratic polynomial. This adds the affine, the quadratic with one real root, and the quadratic with no real root volatility specification to the range of models with closed-form pricing formulae.
For most of the specifications presented in this paper the asset's price process can go negative. In this case, the two arbitrage-free behaviours in zero are absorption or to allow negative values. We will show that for quadratic volatility the pricing PDE is explicitly solvable in both cases. This invalidates a critique often put against the Bachelier model, that it would allow asset prices to become negative. In subsection 3.1 we derive the pricing formula for a call option in the positive Bachelier model in closed form.
For real option markets, the choice between a normal or a lognormal dynamics is not at all an academic one:
In addition, Bacheliers work seemed perfectly credible as the market (euroyen) started paying for 100 calls (puts struck at zero) based on the belief that the possibility of the market going negative could not be ruled out.

Taleb (1997, Perhaps Bachelier was right)
The structure of the paper is as follows: section 1 specifies the diffusion model and discusses the existence of solutions and pricing in the general model. In section 2, the solution for the pricing function of a European contingent claim in the quadratic volatility model is given. In section 3, the formulae for the value of a call option for the three possible specifications are presented: constant, affine, and quadratic. In section 4, the Black-Scholes implied volatilities of these specifications are compared. It turns out that with models of this type a wide variety of implied volatiliy smiles and frowns is possible. Section 5 concludes.
THE GENERAL DIFFUSION MODEL
Take a frictionless financial market where traders can costlessly store money and trade in an asset whose discounted (or futures) price is modeled as the solution to the stochastic differential equation (SDE)
It is well known that under this assumption the SDE has a unique strong solution which may explode, see Kunita (1984, Theorem II.5 .2), explosion of the process means
It is a commonly held belief in the literature that one needs a linear growth condition on the drift and the volatility function to ensure non-explosion. For example, Dumas, Fleming and Whaley (1998) ensure linear growth by capping their polynomial volatility at
where j is the maturity of the claim. Andersen and Andreasen (2000) specify the limited CEV Libor market model with a truncated volatility 
The proof is in appendix A.1. Condition 1.2 is easier to check than other assumptions which are commonly used to ensure non-explosion, for example Feller conditions, see Karatzas and Shreve (1991, 5.5.29) .
less restrictive than linear growth, take e.g. the drift
which is bounded-on-the-diagonal
but not linearly bounded. This drift pulls strongly towards zero
To insure that the model is arbitrage-free, we make the following Assumption 1.4.
1) The volatility function is strictly positive on the interior of the domain
is a true martingale.
From Girsanov's theorem, see Karatzas and Shreve (1991, 5.3 .1), we know that in this case the equivalent measure
is a (local) martingale measure for on 6 ¥
. The associated Brownian motion is
a nd the dynamics of under the measure
A sufficient condition to ensure that assumption 1.4.3 holds is the Novikov criterion, see Karatzas and Shreve (1991, 3.5.13 
A simple example for which condition 1.4 holds is to take
If the boundary y v p U is attainable the only arbitrage-free behaviour of the process is to be absorbed in the boundary: if the process is reflected either instantly or after a stopping time, for example in the left boundary , an arbitrageur just has to buy the asset and sell it later for a price which is surely higher. 
The proof is in appendix A.2. By applying Itô's formula to the value function 
The function
. The transformed initial condition is
and the boundary condition is
In the case that the proposition holds, 
The proof 
Tian (2000) showed that for volatility functions which satisfy assumption 2.1 the pricing PDE can be transformed to the heat equation if and only if
is not a quadratic polynomial, the time and spatial transformations À and Â may depend themselves jointly on¨and ( . Unfortunately, we were unable to find an example for a function which fulfils the condition except quadratic polynomials. Tian (2000)'s result is an application of the general method by Carr, Lipton and Madan (April 2000) for reducing PDEs to the heat equation. Define
which is more convenient later for the closed-form call price formulae.
Corollary 2.3. Under the assumption of proposition 2.2, the transition density of the price process with dynamics
The proof is in appendix B.2. Using the explicit representation of the risk-neutral transition density, we can price any European option by numerical integration.
PRICING FORMULAE FOR THE CALL OPTION
In this section, we give closed form solutions for the call option
for three possible specifications of the volatility function: constant, affine and quadratic. The density and the distribution function of the one-dimensional normal distribution are denoted by
All proofs are in appendix C.
3.1. Constant Volatility.
½ t ¢ y
The first model of asset prices and as well the first description of Brownian motion, the thesis of Louis Bachelier (1900) , english translation Bachelier (1964) , is also the first attempt to price an option given the dynamics of the asset. The Bachelier model is generally assumed to imply that the price process can get negative, ie
as specification under the pricing measure. The pricing formula is
If we model the asset as positive, ie with absorption in zero, the pricing formula is
In section 4 we will plot an example of the implied volatilities of the standard and the positive Bachelier model.
Volatility is an affine function with root in , the asset is log-normally distributed on . In this case, the call price is given by the Black-Scholes formula:
The general affine pricing formula is
the asset price reaches zero with positive probability. If we choose to model with absorption in zero the price is given by the positive ñ ò formula:
In section 4 we will discuss the influence of the absorption term on implied volatilities.
Sondermann (1988) analyses a lognormal model where the asset price is bounded by some µ | using a binomial tree. The no-arbitrage argument of section 1 tells us that the asset has to be absorbed in . The value of the European call option is given by the Black-Scholes price minus a correction term:
The price of the call is lower than in the Black-Scholes case. This gives the market participant a price and a hedge if he attaches zero probability to the event 
Ingersoll (1997) proves this formula using the PDE approach, Rady (1997) and Goldys (1997) give probabilistic proofs. Obviously
The pricing formulae for the following three quadratic specifications seem to be new.
3.4. Quadratic Volatility with two real roots and unbounded domain. The value process with volatility
. Given the solution to the pricing PDE for the case of a bounded domain in the previous section, we are able to guess the solution in the unbounded case
3.5. Quadratic Volatility with one real root.
In this case, the pricing formula can be expressed as a modified positive Bachelier formula:
The correction term for absorption in zero is given by
As we are going to see in the next section, this pricing rule is perfectly suited to model smiles of implied volatility. As it offers an analytical pricing formula, it is more convenient than the quadratic with no real root specification presented in the next subsection. In its pure form
this specification is an important example: Delbaen and Schachermayer (1994) showed that this process is a local martingale for which there is no equivalent martingale measure. By Itô's formula the inverse process
as ü reaches a.s., see Karatzas and Shreve (1991, 3.3.24) . Contrary to intuition, the process does not explode but converges to zero for almost all paths.
The process ü is not arbitrage-free with respect to admissible integrands as was shown in Delbaen and Schachermayer (1995) . So, if we take as a model for an exchange rate, in the model's domestic country there is no arbitrage as is a local martingale, but in the foreign country arbitrageurs can make riskless profits if they are allowed to use general admissible portfolios. Both processes are arbitrage-free with respect to simple predictable integrands. This remarkable fact shows the dependence of the concept of no-arbitrage on the notion of admissibility: an admissible portfolio in one country may not be admissible after a numeraire change.
3.6. Quadratic Volatility with no real roots. 
The pricing PDE is solvable in semi-closed form as a sine expansion
and coefficients
Ç c
given in appendix C.5. For the implementation, we recommend to use the fast recursive algorithms of Goertzel and Reintsch, cf. appendix C.6.
EXAMPLES OF IMPLIED VOLATILITIES
In this section we give examples of the behaviour of the (Black-Scholes) implied volatilities for different models. We will compute prices according to different specifications and then calculate the implied volatilities from these prices.
2 Recall the risk-neutral dynamics of :
The initial value of the price process is
. The specifications are choosen such that the at-the-money volatilities are equal to an absolute volatiliy of
, its implied volatility is by definition constant.
As a first example, figure 1 plots two affine volatility function, the Bachelier constant, and a quadratic with two roots volatility function. 
AV (l=20)
To obtain accurate values far out-of-and in-the-money, the values were computed using the C++ library CLN by Bruno Haible which provides arbitrary precision arithmetic, see www.gnu.org/software/ or www.ginac.de/cln/. Black-Scholes AV (l=20) AV (l=200) Bac Q2
FIGURE 1. Affine and Q2 Volatility Functions
Q2
: is a quadratic model
with two real roots and bounded domain on U ¢ R $ Both models imply a stronger frown effect than the affine models. This is because their implied volatilities tend to zero at the upper boundary .
Intuitively, the transformation from volatility function to implied volatility function is a clockwise 45 degrees turn around the at-the-money point, in our examples the point 
FIGURE 6. Implied Volatilities in 10 years
For models where the volatility in zero is larger than the constant one the effect is stronger. For the extreme ÷ $ in our example, the at-the-money implied volatility is pushed up for more than 30%. This happens because the quadratic volatility is higher than the linear Black-Scholes volatility below and above the at-the-money point. The affine volatility function is symmetrically higher below and lower above at-the-money, so higher volatility below balances lower volatility above.
CONCLUSION
In this paper it was shown that for an SDE to have a strong solution it is sufficient for the drift to be bounded on the diagonal. If we model with absorption in a left boundary B £ W 5 the condition is equivalent to linear growth of the drift on the positive axis. The volatility function is unrestricted except local Lipschitz-continuity.
Then it was shown that the pricing PDE can be solved for any quadratic volatility function, also in the presence of an absorbing boundary. Explicit formulae for the call option were given. They allow to model skews in implied Black-Scholes volatilities, both frowns and smiles. The formulae for quadratic volatility with one real root, no real root, and with two real roots on the unbounded domain seem to be new and allow notably to model smiles.
The discussion of the absorbing boundary showed that critizising the Bachelier specification for allowing the price to get negative is not valid: specifying absorption in zero is arbitrage-free and does give closed-form call option prices. This model seems to be of practical importance, for example in Japan in the late 1990s when interest rates were virtually zero. An application of these results to the market model of interest rates is given in Zühlsdorff (2000). 
is strictly positive and it holds
Now we have (2000), but we consider a closed domain so we have to specify a boundary condition for absorption. Proposition 1.6 is the convers to their theorem 1. Where they provide a condition (A.3) which is sufficient for the equivalence of the PDE and the martingale approach to option pricing, we show that the condition is necessary. 
To solve the PDE it must hold § 5 f B ¢ § n h d ¢ $
. As the correction function Á does only depend on
As by assumption the function ¿ does only depend on À the term in braces has to be constant. Differentiating
const once we obtain the equation
on the domain by assumption. So we can solve
The initial condition is
the transformed initial condition. 
as the solution to the heat equation on
The transition density of the one-dimensional Wiener process 
½ t ¢ y
It holds
The state space for this specification is the whole real line The easiest way to proof the Sondermann formula for absorption in | is to proceede like in the case for absorption in zero: try to find a correction function of the form 
